Abstract. Previously, we considered a large deviation for occupation measures of a symmetric Markov processes under the condition that its resolvent possesses a kind of tightness property. In this paper, we prove that if the Markov process is conservative, then the tightness property implies the uniform hyper-exponential recurrence, which leads us to the uniform large deviation principle.
Introduction
Let E be a locally compact separable metric space and m a positive Radon measure on E with full support. Let X = (Ω, X t , P x , ζ) be an m-symmetric Borel right process on E. Here ζ is the lifetime of X. We assume that the process X is irreducible and strong Feller. Moreover, we assume that X possesses a tightness property; i.e., for any > 0, there exists a compact set K such that sup x∈E R 1 1 K c (x) ≤ . Here 1 K c is the indicator function of the complement of K and R 1 is the 1-resolvent of X. In [18] , [19] , we consider large deviations for empirical measures of symmetric Markov processes with the tightness property.
We prove in this note that if X is conservative, P x (ζ = ∞) = 1, then the tightness property implies the positive recurrence of X; in particular, the measure m turns out to be finite. Moreover, we prove that if, in addition, there exists an increasing sequence {K n } ∞ n=1 of compact sets such that the union of {K n } ∞ n=1 equals E and each part (absorbing) process X D n on D n (D n := K c n ) is irreducible, then X possesses the following strong recurrence property: for any positive constant γ, there exists a compact set K ⊂ E such that
where σ K is the first hitting time of K, σ K = inf{t > 0 : X t ∈ K}. Wu [21] calls this property a uniform hyper-exponential recurrence, and we prove that the property implies the uniform large deviation principle (Theorem 2.3 and Theorem 3.12 below). As an example, a one-dimensional diffusion process satisfies the uniform hyper-exponential recurrence, and thus the uniform large deviation principle, if both boundaries are an entrance in Feller's classification of the boundaries (Example 3.1). On the other hand, we see that if X is not conservative, the tightness property implies a fast explosion in the sense that the lifetime ζ is exponentially integrable: for some γ > 0, sup x∈E E x (exp(γζ)) < ∞.
There exist two key items in the proof of these facts: one is an inequality due to Stollman and Voigt (see (2.6) ), and the other is the identification of DonskerVaradhan's I-function (see (2.5) ) with the Dirichlet form (Proposition 2.4). Combining these facts with the tightness property, we can show that the subset of probability measures on E defined by {u
, is compact with respect the weak topology, which leads us to the existence of the ground state (Lemma 2.6). Here E is the Dirichlet form generated by X (see (2.1)).
We finally discuss sufficient conditions for a part process on an open set to be irreducible, because this property is needed for the proof of the uniform hyperexponential recurrence (Remark 3.7, Lemma 3.9).
Existence of the ground state
Let E be a locally compact separable metric space, E Δ = E ∪ {Δ} the one point compactification of E, and m a positive Radon measure on E with full support. Let X = (Ω, F, {F t } t≥0 , X t , P x , ζ) be an m-symmetric Borel right process having left limits on (0, ζ). Here ζ is the lifetime ζ(ω) = inf{s ≥ 0 : X s (w) = Δ} and {F t } t≥0 is the minimal (augmented) admissible filtration.
Let {p t } t≥0 be the semigroup of X, p t f (x) = E x (f (X t )). By Lemma 1.4.3 in [7] , {p t } t≥0 uniquely determines a strongly continuous Markovian semigroup {T t } t≥0 on L 2 (E; m). We define the Dirichlet form (E, D(E)) on L 2 (E; m) generated by X:
We know that the Dirichlet form (E, D(E)) is quasi-regular ([12]).
A set B ⊂ E Δ is said to be nearly Borel if for any probability measure μ on E Δ there exist Borel sets B 1 , B 2 of E Δ such that B 1 ⊂ B ⊂ B 2 and
A set N ⊂ E is said to be m-polar if there exists a nearly Borel set N ⊂ E such that N ⊂ N and P m (σ N < ∞) = 0. A statement depending on x ∈ A is said to hold q.e. on A if there exists an m-polar set N ⊂ A such that the statement is true for every x ∈ A \ N ("q.e." is an abbreviation of "quasi-everywhere").
Let us denote by {R α } α>0 the resolvent of X,
where B b (E) is the space of bounded Borel functions on E. We now introduce three properties of Borel right processes: 
II. (Strong Feller Property
Here we make remarks on the tightness property.
Remark 2.1. (i) If the measure m is finite, m(E) < ∞, and
, then X is explosive and has property III. In fact, we have
Here C ∞ (E) is the set of continuous functions vanishing at infinity. If X is a diffusion process generated by a locally elliptic operator, the property that
is invariant under R 1 and X is conservative, p t 1 = 1, then X does not have the tightness property; in particular, the Ornstein-Uhlenbeck process does not.
(iv) If the Markov process X is conservative, then property III implies that X is positive recurrent (Lemma 3.2).
It follows from property II that the transitions probability p t (x, dy) is absolutely continuous with respect to m:
As a result, the resolvent kernel is also absolutely continuous with respect to m:
is assumed to be a non-negative Borel function such that R β (x, y) is symmetric and β-excessive in x and in y. Under the absolute continuity condition, "quasi-everywhere" statements are strengthened to "everywhere" ones. A positive measure μ is said to be smooth if there exists a positive continuous additive functional A of X such that for any positive Borel function f and γ-
Here,
, we introduce classes of potentials. 
Under the condition for X being transient, the class K ∞ is usually defined by using the Green kernel, i.e., the 0-resolvent density, and a measure μ in the class is said to be Green-tight. Here we use the 1-resolvent density to deal with recurrent processes. The next lemma is proven by Z.-Q. Chen ([1, Theorem 4.2]). We give a proof for completion.
Lemma 2.2. If X satisfies II and III, then the measure m belongs to K ∞ .
Proof. By the definition of property III, there exists a compact set K such that
and decreasingly converges to zero as n → ∞. Hence R 1 1 A n decreasingly converges to zero point-wise. Since R 1 1 A n is continuous by the property II, R 1 1 A n uniformly converges to zero on K. This is contradictory to sup x∈K R 1 
We denote by P the set of probability measures on E. Define the function I E on P of probability measures on E by
The space P is supposed to be equipped with the weak topology. Given ω ∈ Ω with
We proved the next theorem in [18] .
(ii) For each closed set K ⊂ P,
We define the function space D + by 
The function I is a version of the Donsker-Varadhan I-function introduced in [6] . Note that since the Markov process X is allowed to have a finite lifetime, the function u = R α f ∈ D + is not alway uniformly lower-bounded by a positive constant even if f is so, and consequently the function Au/u is not always bounded. By adding a positive constant , the function Au/(u + ) is bounded continuous, and consequently the I-function defined by (2.5) is lower semicontinuous on P with respect to the weak topology. This is a reason why we modify the Donsker-Varadhan I-function. In spite of this modification, we can identify the I-function with the Dirichlet form ([7, Theorem 6.4.2]):
We define the subset P M of P by
Lemma 2.5. The set P M is compact in P.
Proof. Recall the inequality in [14] : for any β > 0 and any smooth measure μ,
Combining property III with this inequality, we see that P M is tight. Indeed, for any compact set K ⊂ E and any
Since P M = {ν ∈ P : I(ν) ≤ M } is closed by the lower semicontinuity of I, we have the lemma.
Let λ 2 be the bottom of the spectrum: Proof. Let {u n } ∞ n=1 ⊂ D(E) be a minimizing sequence, u n 2 = 1, and λ 2 = lim n→∞ E(u n , u n ). We see from Lemma 2.5 that there exists a subsequence {u
·m converges weakly to a probability measure ν = φ To prove the uniqueness of the ground state, we introduce a closed symmetric form ( [17, Theorem 2.7] ). Hence due to Lemma 2.2 and Proposition 2.4 we see that the resolvent R α , α > 0, is a compact operator on L 2 (E; m) and the level set {ν ∈ P : I E (ν) ≤ } is a compact subset of P. See [19] for another application of the existence of ground states.
Tightness property
In this section, we will show that the tightness property implies a strong recurrence if X is conservative and a fast explosion if X is not conservative.
Lemma 3.1. An irreducible Borel right process X with (2.2) satisfies one of the next two properties:
(a) (Conservative)
Proof. and not m-polar. Indeed, if O is m-polar, then O is polar by the absolute continuity of the transition probability (2.2), and so P x (σ O < ∞) = 0 for all x ∈ E, which is contradictory to the fact that
, we see from [7, Exercise 4.7.1] that P x (σ F n < ∞) > 0 for all x ∈ E. Note that the set F n is finely closed and thus X σ F n ∈ F n on {σ F n < ∞}. We then have
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Remark 3.1. Suppose that X is conservative and its semigroup satisfies the invariance of
X does not have the tightness property. [7] , the set O is polar and thus empty by the argument in the proof of Lemma 3.1. Therefore p t 1(x) ≤ r, which is contradictory to M > r.
Let us denote by p t p,p the operator norm of
−λ p is the long time exponential growth bound of the semigroup {p t } t≥0 . The next theorem gives us a probabilistic interpretation of λ ∞ (cf. [13] ).
Theorem 3.4. Assume X satisfies (2.2). Then
Proof. Let γ be the right hand side of (3.4). Since for λ < γ,
and so γ ≥ λ ∞ .
Let us extend the resolvent operator; for λ ≥ 0,
We then see from (3.1) that for λ > 0,
2) again, we have sup x∈E E x (e (λ ∞ + )ζ ) < ∞, which is contradictory to Theorem 3.4. Therefore, we have the next corollary. 
Let K ⊂ E be a compact set and D := K c , the complement of K. Let X D be the part process on D:
Lemma 3.9. Suppose that X satisfies I-III and is conservative. For any compact set K with non-empty interior
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and thus φ 0 equals 0, m-a.e. on K o . In particular, the function φ 0 is not constant on E, because m(K o ) > 0 by the assumption on m. Hence we have E(φ 0 , φ 0 ) > 0. In fact, if E(φ 0 , φ 0 ) = 0, then φ 0 must be a constant by the irreducible recurrence of (E, D(E)) ([9, Theorem 1.3]). We now conclude that
We write K ∞ (R 1 ) for K ∞ to express the dependence of the 1-resolvent. Let R
Proof. Let K and δ be a compact set and a positive constant in Definition 2.1. We can suppose that the interior of
and thus
The tightness property implies that there exists a sequence {K n } ∞ n=1 of compact sets such that
Note that if X is conservative, then the lifetime of X D equals the hitting time of K. Combining Lemma 3.10 with Corollary 3.8, we know that if X D n is irreducible, then
Note that
and
we have (3.8) and thus
Hence we have from (3.6) and (3.9) the following: 
Property (H) is said to be a uniform hyper-exponential recurrence ([21] ). We will give sufficient conditions for the part process X D being irreducible (Lemma 4.2, Lemma 4.3).
Noting that
we see that if X is irreducible, the semigroup {p t } t≥0 is topological transitive; that is, for all non-empty open sets U and x ∈ E, there exists t > 0 such that p t (x, U ) > 0. 
Example 3.1 (One-dimensional diffusion processes). Let us consider a one-dimensional diffusion process X = (X t , P x , ζ) on an open interval I = (r 1 , r 2 ) such that 
where σ r is the first hitting time of {r}. Therefore, if both the boundaries are entrance, then the uniform large deviation holds. Let p t (x, y) be the transition probability density of X. We see from [15] that if X is uniformly ergodic, that is, there exists a positive constant M such that
then it satisfies the uniform large deviation principle. Nevertheless, we do not know that a one-dimensional diffusion process with entrance boundaries always satisfies the uniform ergodicity. We see from [8] that the Ornstein-Uhlenbeck process on the one-dimensional space R has natural boundaries and its semigroup keeps C ∞ (R) invariant. Hence due to Remark 3.1, we see that the Ornstein-Uhlenbeck process does not possess the tightness property. Moreover, it is known in [21] that the Ornstein-Uhlenbeck process does not satisfy the uniform large deviation, while it satisfies the locally uniform large deviation.
Irreducibility of part processes
In this section, we consider conditions for part processes being irreducible. If X is a diffusion process generated by a locally uniform elliptic operator, then its part process on a domain is irreducible ( Proof. By the assumption, X is a doubly Feller process; that is, it satisfies the strong Feller property and the invariance of C ∞ (E). We then know from Chung [4] that X D has the strong Feller property. Hence Exercise 4.6.3 in [7] leads us to this lemma.
We next treat jump processes. Let (N (x, dy), H t ) be a Lévy system of X. We make the next assumption: The right hand side is positive by the assumption, which leads us to the lemma. In particular, property (b) in Lemma 3.1 can be strengthened to P x (ζ < ∞) = 1.
